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1 Exercise 2.1

BIRE 1 2.1(5)P(xo, f(x0)), f(x) = x> 4 22 + 3,tangent line on point p is a parallel line of
y = 4x — 1, find xg and the equation of tangent line & normal line.

R

d

af(:v):2x+2

%0 +2 =4
iEOZ].

tangent line equation : y=4(x —1)+1+2+3 =4z +2
1 23
normal line equation : y = —i(x —-1)+6= E + T

Bl 2 2.1(8)Find the derivatives of the following function.

. d
BRE 1. — ((z+1)(z—1)tanz) = (2° — 1) sec’ z + 2z tan .

dz
d (9z42*\  22+9 5(®+92) 234 +}
"dz \hr+6/) 5x+6 (5x+6)2  5(5x+6)2 5
d sinx sin . COS &
3. — | xcosx + = — —xsinx + —— 4+ cosz.
dx z 2 z

4. % (exp(z) sinx) = exp(z)(sinx + cos x)
BIRR 3 If P(x) = (x — x0)*g(x), g(z) # 0, prove P'(z) = (z — 2¢)* " h(x), h(x) # 0.
HUEBA We can take the derivative of P(x) and get:
P'(z) = k(z — 20)" " g(x) + (z — 20)"g'(x) = (z — w0)" " (kg(x) + (x — x)g' ())

Define h(z) = kg(x) + (z — x¢)g’(x) and the problem is solved. [ |



Bl 4 f(x) is even, prove f'(0) = 0 as f'(0) exists.

HUEBA When f(0) exists, we can take the derivative of g(z) = f(z) — f(—z) which always
equal to 0 forall x € (—a,a). Thus ¢'(z) =0 = f'(z) — (=1)f'(—2),f () + f'(—x) = 0, so
when z = —z =0, f'(0) = 0. ]

B 5 Find the derivative of the following function:

T
fay = T “7
0, z=0

#RE f'(x) exists forall z # 0, for the function is a limited composit of basic functions:

x+exp(x™)(x +1)
(exp(z—1) + 1)z

f(@) = x 70

. . / _ _ . / / 5 .
Noticed that :,:Egio flz)=0#£1= xggriof (x), f'(0) doesn’t exist.

2 Exercise 2.2

@)@ 6 2.2(3)Find the derivatives of the following function:

d I5%5
RmE 1. —(Cos5x/l+x2) :fisin( x2+1) 0054( x2+1>.
dz Vaz+1

2 nfon G 3)) = o (5 e (54 ) -t

LA NS U U
C2a\z—a x+a) x2—a?

2.2(3)Find the derivatives of the following function:

T —a
n
T+ a

d x 2 1
7 s —1
R 1. e (arctanx ) =7 oo _J;2 N

2

d [z a? T €T 1 a
S22 2 N /02 _ 2 _ 2 _ 2
2. I (2 a T +2arcsma>— 5 a2_$2+2\/a x—|—2\/17x2— a 2.

o

d 2 A/ ra 2
3. d(;,/a2+x2+zlnm> = Va2 + 22
x a

4 d 2 ) a—bt T 1
. — | ——=arctan — tan — =
dx \/a2—b2aca a+b & 2 a+bcosx



5. %((1—#\/5)(1—1—\/%)(1—1—\/@)) = 3\/6x+;/3;‘/§+1 + V2 + V3 + V6(Using

function ”In”)

(2" +a” +a”) = a"2"" "' + o™ T2 log(a) + a® " log®(a)
1

6.
dx

Note: the function of Q1 arctanxz™" = arccot x, so the answer is not a surprise. Q2 and

Q3 come from the integral of cos? z and cosh? 2. Q4 comes from of (a + bcosz), we can let

t? 2x/2 1+ ¢
cosST = —— Wheret:tanf, dt = ¢ z/ dx = +
1+t2 2 2

to calculate.

dz and the interal would be easy

Bl 8 2.2(6)This problem has a graph but I don’t want to paste it in my homework so I'll

solve it without the description.

fRE
2 +4 — 4z cosa(t) = 36
2xdx — 4 cosadz + 4x sinada =0
2xv —4vcosa + drwsina =0
T
Wh = —:
en o 5

V20 +16v2r =0
v = —16m
3 Exercise 2.3
[BfE 9 When = — 0, 7' (Vz + 2 — v2)sinz — [ € R/{0}, find 1.
RE ' (Ve +2—V2)sine ~ a7 (\fQ (1 + %) - \/5) x, thus [ = 2.

[B]&% 10 Sim of v/32.16.

R v/32.16 = 2v/1 + 0.005 ~ 2(1 + 0.001) = 2.002.

@)% 11 Find derivatives of the following curves:

. d 3
fBE 1. Y +y2/3 = a?/3, a:fl/?’da:—l—yfl/sdy =0, d—y =— (Q) ’ ;(Oh, this one seems not
x T

to be in the homework list)



Y SR 2z Y 1 2y
2. arctan 7 =1n vy Cat by Y dot y? a2 42
2?5 +1 r( % +1

2
dy _z+y
de -9y’

3. ysinz — cos(x —y) =0, (sinz — sin(z — y))dy + (y cosz + sin(x — y))dxz = 0.
dy _ ycosz +sin(z —y)

dx sinz — sin(z — y)

X d
iE18% 12 Find 2.
dz

r=tlnt dy et
2E 1. T, == t#e
ﬁq;l:l { y:et; ’ dl‘ 1+1Ht’ 7é6 '
1
T = arccos ———
/ oo d
2. 1t+ t2 , Y- (sgn) t, t#0.
y = arcsin . d
1+1¢2

Q2: Consider a point P(1,t), then |z| = |y| = argO?.

4 Exercise 2.4
EER 13 y = (1 — x)(2z + 1)*(3z — 1)*, calculate y'©, 3.

fiB% Noticed that the highest term of y is 6, 4™ must be 0.
6 6

d d
It’s trivial that forall n < 6, —— 2" = 0, 501 —— = —1 x 22 x 4% x 6! = —T7760.
da6 da6

BlR 14 y = exp(A\x), i + py + qy = 0, find .

%% Actually, the upon equation is the differential equation of harmonic vibra-

tion, p = 27 refers to consistent, ¢ = w? refers to the angle frequency.
M4 pA4+qg=0

N “PEVP—4g
2

in which A is the eigenvalue of the equation. In multi-degree vibration, A becomes a series

of value that declears base vibration mode of the system.

BlRE 15 Let y = 2°In(1 + ). Calculate y©®°.
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=0
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1
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- <0> 21+ 2)+2 ( : ) eI (1 4 z) + 2 <2>1n<48>(1 + )

49122 100 x 48!z 50 x 49 x 47!

B A G TR G v

50122 2 x 50!z 50!

T 5

(1 + .’II)SO

0(1 4 )50 + 49(1+2)*  48(1+z)®
50! < z?  2z(l+z) (1+:v)2)

50 49 48

5 Exercise 2.5

Y
&

E::
+d
1 J

16 Calculate:

1. a/sec
/ tan? tdt =

2t dt = atant + C.

/secQt—ldt:tant—t+C.

1
/cot2tdt:/ - 2t—1dt:—cott—t+C’.
sin

/(1 + cos® x

x = 6+/z +4arcsinz + C.

ysec’ r dz = tanx + 2 + C.

1—=x z=t3 1—t3 2 2 2

— dr == 3t2dt =3 [ A+t +t
/1—%90 /1t /(++)
=z+4+ -2+ 234 O

/2cosh:r: -

/ 1
sin? z cos?

sinhz dz = 2sinhx — coshx + C.

dz = /2(:sc2 22 d2x = —2cot 2z + C.
T

17 Solve the following differential equation:

y"(x) = a+ bexp(—x)

3 3
dt=+t*+ 2+ C
+ ot - +C,



%% To the linear differential equation, we can assume that y can be broken into 2 part: the
solution of homogeneous equation y; () = 0, and the special solution of equation y"*(z) =
a+ bexp(—x).

In this example,y = Ciz + Cy + %amQ + bexp(—x).

[a] 18 Solve the following differential equation:
vy +y=2+1

d
& Noticed that 2y +y = —ay(r), we have:
x

d
d x*
dz ((“”y(fﬁ) T ‘x)> =0
Thus:
x3 C

6 Exercise 2.6

Bl 19 2.6(2)It is a easy problem with complicated description. So I want to answer the

quiz without stem.
d

ﬁg% 1. S:/ gp(y) dy.

d b
2. / e(y) dy + / Y(y) dy = bd — ac.

! 1

[a]& 20 Prove / 22 de = 3
0

fRE

/1562 dz = supi(f,;)Ax
0 i

zsup 6%3
1 1
g (1+1) (1+5)
_1
3



[B]81 21 Prove:
MR 1. sinz >0 Vx e (0,7/2),1 > g; sinz <1 Vze (0,7/2),1 <.
3 ) 1
2.V2< V24 —22< o Va € (0,1), the < turns to equal only if z = 3
Note: 25:1: inf f(z) < supi(fi)(S;v < Z&E sup f(z). [ |

@)% 22 Compare:

1 1
RmE 1. / e dz >/ e du.
0 0

/2 /2
2. / 2*dz >/ sin? z dz.
0 0

1 1
3./ xdx</ V14 22dz.
0 0

@] 23 The stem is the definition of riemann integrability.

JUEAR So I don’t know how to prove a definition. Well, according to squeeze theorem, the

traditional internal must satisfied:

Zmi5xi < Zf(fz)&ﬁz < ZMi5$i

Take the limit of all three equation:
inf < / < sup

When sup = inf, / exists. ]

7 Exercise 2.7

[B]@ 24 Calculate the derivatives of following integrals:

75t d : 2y2
R . sint? dt = 2z sin(1 + 2?).
0

d !
2. / t?cost dt = —z? cos .
dz /,

2
d [* 2

3. — e dt = 2ze " — e,
dz /,

. d [*
[B]&k 25 Prove lim / f@t) dt = f(a), if f(z) is continuous on [a, b].
r—a+0 d{L‘ a

7



WERA N
lim 4 f(t) dt = lim f(z)= f(a) [ |

z—a+0 dx a z—a+0

Bl 26 If y = f(z) has integrability on [a,b], |f(z)] < L, prove: F(z) = / f(z) dz
satisfies |F(z1) — F(x2)| < |x1 — 22]. ’

/ f(@) da

where m = min(z,x2), M = max(z, x2). [ ]

d2 x t
2/ <et/ sin z dz> dt
dx? J, 0
2 T t T
d— et/ sin z dz dt:i ex/ sin z dz
dz? J, 0 dx 0

=e"(1 —cosz +sinz)

JERH Noticed that:

[F (1) = F(22)] =

</ |f(:r)|dx</ L dz = L|z; — 5]
M M

B8k 27 Calculate:

e

8 Exercise 2.8

[E]&% 28 Calculate:

N "1 .k !
BZE 1. lim E sin—/ sinz de =1 — cos 1.
n—voo £~ n n o

Iy A B A L 1
2. ,}LH;;?#:,}L“;OZn(J :/0 2 dz = g

[BIF 29 Calculate:

1
R 1./ |z|dz = 1.
-1

1
2. / sgn x dor = 0.
-1



1 1 1/2
1 1 1 1
3. / x dm:/ a:z—xdx—f—/ —x —2idr = -,

- -z
27 g

4./ |sinxdx:2/ sinzdx = 4.
0 0

5. /OQ;U—[:U] doe =1.

9 Chapter 2 Exercise

ia)# 30 Required Questions Asuume f(z) D = R and satisfies:
1. fla+b) = f(a)- f(b), VYa,beR.
2. f(0)=1.
3. f'(0) exists.

Prove: f'(z) = f'(0)- f(x), V& ecR.

HUEBA Noticed that f(x +0b) = f(x)- f(b) = f'(x+b) = f'(x)- f(b), it’s obvious that we can
let b — 0 and we will find the target f'(z) = f'(0) - f(x). ]

Here is another proof:
WERA

= f(2)f'(0) u

9 iy = g LOTAD I _ ) g, SO0 =110

Az—0 Az Az—0 Ax

I will finish optional questions with another A TEXdocument few days later. The only thing
I could feel now is tired because its 2:12 (UTC+8) and I need to wake up at 7:30 (UTC+8)

this morning.



